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p do not contribute to the partial derivative. Standard differentiation
then results in (for 1 < j < m; — 1)
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where = denotes deletion, ** denotes replacing .,;, with »,;, and
* * » denotes replacing «,;; with v;(;41).

By substituting the previous expression for the partial derivatives
into (A.2), we may write ¢ as

o= lim inf
max; |P;|—0 P;
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where 7; is given by
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Rearranging 7;, we obtain
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Now letting
A =

lim

inf 7,
max; |P;|—0 F;

we have that

Y ;)
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when the integrals exist, and where once again * denotes deletion. To
arrive at this expression we note that the two inner summation terms
which are enclosed by the absolute value symbols each corresponds
to an iterated Stieltjes integral (when it exists) of the function
Q8 — g(-,+,--+,)). The derivative term that appears immediately
before the inner integral arises due to the (x;(;41) — ;) difference
term that appears in the denominator of the 7. expression, coupled
with the fact that the first inner summation of 7, is evaluated at
x;(;+1) while the second inner summation term of 5, is evaluated
x;j. The outer summation term of 7; is of the form of a Riemann
sum and hence results in the outer integral in expression for A.
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On the Converse Theorem in Statistical Hypothesis Testing

Kenji Nakagawa, Member, IEEE, and
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Abstract—Simple statistical hypothesis testing is investigated by making
use of divergence geometric method. The asymptotic behavior of the
minimum value of the second-kind error probability under the constraint
that the first-kind error probability is bounded above by exp(—rn) is
looked for, where r is a given positive number. If r is greater than
the divergence of the two probability measures, the so-called converse
theorem holds. It is shown that the condition under which the converse
theorem holds can be divided into two separate cases by analyzing the
geodesic connecting the two probability measures and, as a result, a lucid
explanation is given for Han-Kobayashi’s linear function f.(.X).

Index Terms—Hypothesis testing, randomized test, information geom-
etry, geodesic, power exponent, converse theorem.

I. INTRODUCTION

In this investigation of simple statistical hypothesis testing, let {2 be
a set consisting of m + 1 natural numbers, i.e., 2 = {0. 1.---.m},
m > 1. Define two sets A and A of probability measures on {2 as

- A
A:{p_ pli) ,€Q|§ pli)
EQ
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A2 (peApli)>0.ienl @

For two probability measures p, ¢ € A, we say that p is dominated
by ¢ and denote it by p < ¢ if ¢(¢) = 0 always implies p(:) = 0,
i€ Q.

Let us consider hypothesis testing for two probability measures
po.p1 € A. Let Ho be the null hypothesis that po gives the
probability of an iid. n-sequence w" € 07, where Q" is the
Cartesian n-product of €2, and let H; be the alternative hypothesis
that py gives the probability. A randomized test function of hypothesis
testing is defined as a mapping from 2" to the closed unit interval
[0, 1] = {«|0 < » < 1}. We assume in this correspondence that the
term “test function” always indicates randomized test function.

For a test function ¢, : Q" — [0, 1], the first-kind error probability
a(¢, ) and the second-kind error probability 3(¢, ) are defined by

a(6n) = D (1= ol po(w), 3)
.««‘neQn

B(6n) 2 D oul@™pr(w"). ©)
=

where po(w™) 2 polwr) - polwy) for W" = wyi- - w, € QF,
wj € Q,5j=1.--.,n

Under the constraint a(eo,) < a, we say that ¢ is the most
powerful test function if o;, satisfies a(o;,) < o and 3(é,,) < 3(on)
holds for any ¢, with a(¢,) < a. Our main problems are to
determine the most powerful test function ¢}, under the constraint
a(¢n) < exp(—rn) where r is a given positive number, and
calculate lim, o — %log 3(on) or limp—ae — %log(l — 3(o1))
and represent them in terms of the Kullback-Leibler divergence. The
above limiting values are called the power exponents of hypothesis
testing.

The power exponent for a nonrandomized test under the constraint
that the first-kind error probability is bounded above by a positive
constant is calculated by Stein’s lemma [4], which asserts

. 1 .
lim ——log 3(é5,) = D(pollp1)- )

n—oc n

Blahut [3] and Han-Kobayashi [5] investigated the case where
a(¢n) < exp(—rn) and obtained the following results. Both of
them considered nonrandomized tests.

Theorem (Blahut [3]): If r < D(p1lipo),

. 1 N
WIEI; - log #(é5) = D(p¢llp1)- )
where pi(i) = Ci{po)Y' @)Y, i € Q ¢7' =
Yicalpo(H} T{pi()}', and t € R is determined by the equation
D(pellpo) = r, t > 0.

If r > D(pillpo)( 2 o),

40?2

n(r —c)?

3on) > 1= — oz @)

where o is the variance of a random variable log (p (¢)/po(i)) with
respect to p;.

Han-Kobayashi [5], with reference to Blahut’s results, defined an
r-divergent sequence, which is an extension of typical sequence, and
then approached this problem using an information-theoretic method.

Theorem (Han—Kobayashi’s Strong Converse Theorem [5]): If r >
D(p1lpo),

min

1
lim sup — = log (1 — 3(on)) =
! n & D(pllpo)<r

n—ox

frp)- )

where fr(p) = r + D(pllp1) — D(p|lpo).

As we can see from these theorems, if r < D(p1||po), B8(é5) — 0,
while if » > D(p1{|po), 3(é5) — 1. The theorem for the latter case
is called the converse theorem. In this work, we study these problems
according to Neyman-Pearson’s lemma and analyze the geodesic
in the space A that connects the two probability measures po and
p1. We show that the condition r > D(pi1|lpo) is divided into two
separate cases and a lucid explanation is given for the introduction
of Han—Kobayashi’s linear function f. [5]. We also mention general
upper bounds of a(on).

II. PRELIMINARIES

We present some geometric preliminaries which are used to cal-
culate power exponents of the hypothesis testing for po, p1 € A.
The most powerful test function under the constraint a(¢,) < a is
completely determined by Neyman—Pearson’s lemma.

Lemma 1 (Neyman—Pearson, see (6]): For any a, 0 < a < 1,
there exists a test function ¢}, with a constant \,, which satisfies
a(gr) = a and

« o n 1.
oil(u" ): {0

This is the most powerful test function. Write £ = {w" |po(w™) =
Anp1(w™)} I po(E) # 0, we have ¢, (w") = 6 for w™ € E, where

a — po{w”|po(w") < Anp1(w™)}
po(E) ’ (10)

For an n-sequence w” € 2", denote by N(i|w") the number of
i € Q appearing in w". We have N(ilw") > 0, £ 37, o N(ilw™) =
1. Then, putting p_n a (LN(ilw"))ic, we have p,» € A. The
probability measure p.» is called the type of w™. The following
lemma is applicable to our problem of calculating power exponents.

Lemma 2 (Sanov, see [4]): Let A be a subset of A and A, be the
set of types of n-sequences in A. Then for any p € A the following

inequality holds:

if po(w™) > Anpi(w™),

if po(w”) < /\npl(w")_ ®

b=1-—

log (n + U(m 1)
n

an

If A is closed and |, An is dense in 4 (with respect to the usual
topology of R™!), we obtain

1‘ mn .
—log p{w"|po~ € A} + min D(g|lp)| <
n qE€EAn

lim — 1 log p{w" |pun € A} = minD(q||p). (12)
s n qEA

According to Neyman-Pearson’s lemma, if two sequences
W' W™ € Q" have the same probability (with respect to po and
1), dn(w™) = o) (@") holds. Thus, it is sufficient to look at only
the type of a sequence rather than each sequence itself. So, it is
more significant to consider the geometry of A rather than that of
Q". The general theory of information geometry [1], [7] shows that
differential geometric structures are defined on the space A, such
as Riemannian metric, a-connections, and dual coordinate systems,
which have many beautiful properties. Particularly, the + 1 affine

coordinates 8*, ¢ = 1.---.m, at p € A is given by
; p(i)
8" = log —. =1 m, 13
Ep0) ' 1

and the equation of the geodesic L connecting po and p; is given by
0; = (1 — )8 + 161, t ER, (14)
where, 65, 8}. and ¢; are ith + 1 affine coordinates of pg, pi1, and

p¢ (a point on the geodesic), respectively. Then substituting (13) into
(14), we have the following alternative form of the geodesic equation:

pe(i) = Ce{po()} P (D)}, i€Q, teR, (15

i=1,--,m,
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where (' is the normalizing constant, i.e., C;”
A1)}

Readers not familiar with information geometric notions may skip
the previous manner of introducing the geodesic equation because an
information geometric back ground is not required in the following
discussion. They may regard (15) as a definition of the geodesic.

The Kullback-Leibler divergence, or simply, the divergence
D(p||q) of two probability measures p. ¢ € 3 is defined by

= i)
i€Q

We have 0 < D(p|lg) < <, p. ¢ € A, D(p|lg) = 0, if and only if
p = ¢ and D(p|lg) < x, if and only if p < ¢ (see [4]).

‘= Zien{PO(i)}l_[

Dipliq) = (16)

[II. LIMITING POINT OF GEODESIC
We study the limiting points of the geodesic L that connects two
points pg and p, in A, Denote \[+ = max;eo{(p1({)/poli))} > 1
and QT = {i € Q(pi(N/po(i)) = M}, Since (15) of the geodesic
L is rewritten as

t
1’0(0{%22{}

peli) = N PRI U e teR. 17)
Z,EQ]m(J){fx;(j)
we have
. rold - jf ;e OF,
lim pe(i) = { 2 S+ Po(d) (18)
e 0. otherwise.

We write p = (p~(i))ieq, where poc () = limy—
it the limiting point of L.

Let E. be the boundary simplex of A that includes P In its
relative interior (with respect to the induced topology from R™™!),
ie.,

pe(i) and call

Ev={pedpliy=0.ieQ-Qt} (19)
In a similar way, we define p_.. € X, ie, let M~ =
min;eo {(pr(N)/poiN} and Q7 = {i € Q|(p1()/poli)) = M~ }.
Then, we have
role) L if O
i peti) = { Toego o HEE (20)
t— = 0. otherwise.

Write p_x = (p—=(7))ie., where p_ (i) = im/—_~ p;(/), and

define
E .={pcApi)y=0.icQ-Q L 1)
We notice here that F.. and E_ are disjoint sets, or,
E.NE_«=0 (22)

because T N~ = () holds. Thus, putting X =

we have a decomposition of A;

A=A;UE.UE__.

N—(ExUE_),

(23)

We find that £ and E_ . are parallel (in the Euclidean sense) to
sets of the following form:

I
{p € A|Zp i) —( = constant} (24)
€Q
This is because
St S iy e A0
EQ pold [EQ (0. ieQ~) poli)
=log M*(or. log M) (25)

holds for arbitrary p € Ex (or. p € E_), respectively.
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IV. LEMMAS
First, we provide a lemma which is used in the proof of Lemma 4.
Lemma 3: For p € Ap, write £(t) = D(p|lpt), — oc < t < 2.
Then there exists a unique p, that satisfies

e _ g

n (26)

Proof: Since p € K_f, p is not dominated by po nor p_..
Thus, we have

llim{(f) =, lim &(t) = (27)
From (15), we have
d log pi({) _ d log (' +log 1)1({). ieq. (28)
dt dt poli)
Since 3, (dpi(D)/dt) = (d/dt) 32 cq pi(i) = 0, from (28), we
have
d log Cz _ Zl)l (29)
ieQ
Then, from (28) and (29) we have
d*E(t) dpe(i) . pili)
= lo -
Jdt2 gs:z dt poli)
) 2
= Zp, 7) {log }
€Q poli)
2
€0
= variance of logw ({)w.r.t. Dt
poli)
> 0. (30)

Consequently, by (27) and (30), the existence and the uniqueness of
pe with (26) are guaranteed. O

We give the following lemma for later investigation of the critical
condition in Neyman-Pearson’s lemma.

Lemma 4: For any p € N, there exists a unique p;, — > < ¢ <
~, that satisfies both
D(pllpo) = D(pllpe) + D(pllpo).- (31)
and
Dipllpr) = Dipllpe) + D(pellp1). (32)

Proof: Remember the decomposition (23) of A. First, we see
that for p € E'x. p is the unique p, that satisfies (31) and (32).
For, since p(i) = 0 and po.(i) = 0 hold for i € Q — QF, from
(18) we have

D(pllpo) = Diplipsc) = D(p=|lpo)

Sy

et

= log Zpo(i)

eQ+

Poc (i)
poli)

- p(i)} log

ST {peti) = p(i)}

TeQt

=0.

In a similar way, we also have (32). Here, suppose there exist another
pe, —x <t < x, which satisfies both (31) and (32). Then a simple
calculation leads to

Dipllps) = Dplip) + D(pelips) (33)
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holding for any s, — oc < s < oo. Since p € Eu, i€., p € poo,
the left-hand side of (33) converges to D(p||p) < oo as s tends to
infinity, while the right-hand side goes to infinity because p; & .
This is a contradiction. Therefore, for p € F, the existence and
the uniqueness of p, with (31) and (32) are proved. In exactly the
same way, it is proved that for p € £_, p_o is the unique p:
with (31) and (32).

Next, for p € Zf, we show that there exists a unique py,
— > < t < oo, which satisfies (31) and (32). From Lemma 3,
for p € Ay there uniquely exists a p;, — oo < t < oo, with

(dé(t)/dt) = 0, where £(¢) = D(p||p:). Since
dg(t) @) X pa(i)
SV lo 1 34
o ;f (i) log s ;p<z> g O
by calculation we have
Dipllpo) ~ Diplipe) = Dipalipo) = ~ 42 3s5)

Thus, from (35), (31) is equivalent to (dé(¢)/dt) = 0 or ¢t = 0. In
the same way, we have
D(pllp1) - (36)

D(pllpt) = D(pelipr) = (t = 1

dett)
dt
Then, (32) is equivalent to d§(t)/dt = 0, or t = 1. Consequently, the
t that satisfies both (31) and (32) is given by the root of d¢(t)/dt = 0
whose existence and uniqueness are guaranteed by Lemma 3. This
completes the proof of the lemma. O

Next, we present a lemma on the growth of divergence along the
geodesic.

Lemma 5: Let p; be a point on the geodesic defined by (15). Write
o0(t) 2 D(pellpo), 01(t) £ Dipellp), and 7(t) £ D(pellpo) ~
D(pi|lp1), — > <t < oo. We have the following.

a)  oo(t) is strictly increasing for ¢ > 0, and strictly decreasing
for t < 0.

o1(t) is strictly increasing for ¢ > 1, and strictly decreasing
for t < 1.

c)  7(t) is strictly increasing for ¢, — o0 < t < 0.
d) o0, 01, T are bounded functions. Especially,

b)

—00) L 7(t) < 7(00). G

Proof: From (28) and (29), we have

dr(t) _ NSO
it ‘,EZQ"‘(”{I"gpo(i)}
{sz t) log plg )}
1€EQ
= variance of log E ;w r.t. pt
>0,

and (doo(t)/dt) = t(dr(t)/dt), (do1(t)/dt) = (1 — t)(dT(t)/dt),
which show a), b), and c). Part d) is readily seen.

The critical condition po(w™) = App1(w™) in Neyman—Pearson’s
lemma is rewritten as

pr" i) log 223 Ih(l)

log An
et po(i) ~

(38

So, it is important to consider such subsets of A as {p €
Al Y cqp(@)log (p1(i)/po(i)) = 7}, where 7 is a constant.
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Write I2Lu {Poc} U {p—co}. According to Lemma 4, for any
p € A, there uniquely exists a p, on L with (31) and (32). We call this
p: the projection of p onto L. By subtracting (32) from (31), we have

D(pllpo) — D(pllp1) = D(pellpo) — D(p:llpr) = 7(¢)  (39)

or

Zpt(l Iog pi l)

Z

St o 225 o

=1(t). (40

N

Thus, we find that if p and ¢ € A have the same projection p; onto
L, we have

> pi) 1

1€EQ

px(l pl(l

po po(d)

Zq 7(t). @
Here, we say that p and ¢ € A are equivalent if p and g have the
same projection, say p;, onto L. From (41), it is seen that the mapping
p — 7(t) is well defined on the equivalence classes. Therefore, for
p € A, we can define

1
) = Yopti) o 243, @)
1€
If p = p¢ € L, 7(p:) = 7(t). Then, the critical condition (38) in

Neyman—Pearson’s lemma is expressed as

1
7(pur ) = - log An. (43)

We provide the following lemma which is used for evaluating the
first- and second-error kind probabilities.

Lemma 6: Let us write E(7) 2 {p € Alr(p) = 7}. If E(r) is

not empty, there exists a unique p; such that E(v) N T = {p}. For
this p:, we have
D D 44
,min D(pllpo) = D(pellpo) (44
and
min D(pllp1) = D(pe|lpy)- 45)
PEE(T)

Proof: From Lemma 4, for p € E(r), there exists a p; with
(31), (32). Since 7(p:) = 7(p) = 7, we have p, € E(r) N L.
The uniqueness of p, is obtained by Lemma 5c). (44) and (45) are
alternative expressions of (31) and (32). O

Remark: From Lemma 4, we find
E_o = E(r(—00)).

Lemma 7: Let us write Go(7) 2
Gi(r) & {p € Alr(p) > 7}. I po

that Ec = FE(r(c0)) and

{p € Al7(p) < 7} and
& G1(7), we have

D in D . 46
,hin (pllpo) = = min (pllpo) (46)
Similarly, if px € G;(7), k =0, 1, j =0, 1, we have
min D(p|lpx) = ,min D(Pllpk) “7
PEG;(T)

Proof: We prove only (46) because (47) is proved in the
same way. First, E(r) C Gi(r) implies minyeq, (r) D(pllpo) <
mmpsg(,) D(pllpo). We show the opposite mcquallty For any
p' € G4(r), we denote by p,s the projection of p’ onto L. By (31),
we have

D(p'|lpo) > D(pelpo)-

Let p, denote the unique point in E(r) N I, then p, attains
min,eg(r) D(pllpo). Since pg € G1(7), p: € E(7), and pp € G(7),
we have

(48)

7(po) < 7(pt) < T(pe)- 49)
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Then, by the monotonicity of 7() and oo(#) in Lemma 5, we obtain
0 < t <t and hence,

0 < D(pt|lpo) < D(pel|po). (50)

Consequently, from (48) and (50), we have D(p'||pa) > D(p:||po),
which implies min,e¢;, () D(p{lpo) > ming,e gy D(pllpo).

V. DIRECT THEOREM
Denote by o, the most powerful test function under the con-
straint a(o,) < exp(—rn). Let pi(r) be the power exponent,
ie., pi{r) 2 lim, .o — (1/n)log 3(o},). We present the following
theorem.
Theorem 1: 1f 0 < r < D(py||po), we have

p1(r) = D{pe-|lp1). (51)

where b= (pi+(1))ieq is given by p- (i) = *Cf"{p\)(i)}l‘."
@Y, i e QO = Tiealpold T {p1()}, and
D(pe-llpo) = r, t7 > 0.

Proof: According to Neyman—Pearson’s lemma, the most pow-
erful test function o;, is

1o if po(e™) > Aupr(e™),

oy =14 6. if pol™) = Aupr(e™), (52)
0. if po(w™) < Appr{™),
where A, is a positive number and 0 < 6 < 1.
Now, we claim
lim — ! log X\, = 7{+7). (53)
n—0oc n

Remember 7(t*) = D(p;-||po) — D(p;- ||p1). From the assumption
0 < r < D(pillpa), we have 0 < #* < 1 by Lemma 5. We show
that a chain of inequalities

N . 1 . 1 .
7(t7") <liminf — —log A, <limsup — —log A, < 7(t7) (54)
n

n—x n n—oc

hold. Suppose r(t*) > liminf,—~ — 1/nlogA,. Then, by
Lemma 5, there exists a #;, 0 < t; < t*, such that 7(t*) >

7(t1) > —1/nlogA, hold for infinitely many n's. Then, by
Neyman—Pearson’s lemma, we have

alon) > Po{vvn T(pen) > —%log A,,}
> pof{w"|T(pon) 2 T(11)}
= po{«"|pon € Gi(7(t1))} (55)

for infinitely many n's. Since t; > 0, we have py ¢ Gi(7(f)).
Therefore, by Lemmas 2 and 7, for any € with 0 < ¢ < D(p;+ ||po ) —
D(pi, |lpo), and for some n sufficiently large, we have by (55),

1 N
r=—=1log aloy)
n
1 n
< ;;1(% po{" |pun € Gi(r(t1))}
< min

D(p|lpo) + €
PEGI(7(t1)) Plipo

D{(pi,|lpo) + ¢
< D(pe-|ipo)
=7 (56)

This is a contradiction, so we have 7(t*) < liminf,, . —1/nlog \,,.
We can show lim sup, —.oc —1/nlog A,y < 7(#7); however, the proof
is almost the same as before, so we omit it.

Now, we prove pi(r) = D(p;||p1). From (53) and Lemma 5, for
any ¢; > 0, there exists a #1, 0 < #; < #" < 1 such that

(t) < 7%101{ A 7

and

Dipe,|lp1) < Dip-|Ipr) + & (58)

hold for sufficiently large n’s. Then, we have

,3(0:) > i {*‘H |7(1’J’) < ~%log )‘71}
> pr{w 7 (pen) < 7))}
=pi{e’|pon € Go(r(t1))}.

Since t; < 1, we have p1 & Go(7(#)). Thus, by Lemmas 2 and 7,
for any ¢, > 0 and for all sufficiently large n's, we have

1 . 1 n
—;l()g J(o)) < —;10;{ pri{a"|pon € Go(r(t1))}
Dplip1) + e2

min
pEG(r(t)

= D(pe, [Ip1) + e
< D(pe-lipr) + e + e

IN

Because ¢, and e, are arbitrary positive numbers, we have
limsup,— — 1/nlog.3(0)) < D(peflpi). The inequality
Di(p+|lpy) < liminf,—o ~ 1/nlog 3(0},) can be proved in the

same way. m]

VI. CONVERSE THEOREM |

We see from Theorem 1 that if 0 < r < D(pi|po), 3(o})
converges to 0 as n» tends to infinity. On the contrary, if r >
D(p1llpo), 3o} ) converges to 1. So, in this case, we calculate
the power exponent lim,, .~ — 1/nlog(1l — 3(0})). We will show
that the casc r > D(pi||po) is divided into two separate cases,
ie, D(pillpo) < r < D(pxllpo) and r > D(ps]lpo). If r <
D(pscl|po), including Theorem 1, the randomization of testing is
not cssential as we can see in the proof of Theorem 1; however, if
r > D(px|lpo)s the finiteness of the power exponent is guaranteed
by randomization.

Let p2(r) be the power cxponent in the case where D(p1||po) <
r < D(px||po), ie., p2(r) 2 lim, —x — 1/nlog (1 — 3(o})). We
present the following theorem.

Theorem 2: 1f D(py||po) < r < D{px|lpo), we have

p2(r) = D(pe+|Ip1). (59)

where prie = (pe=(0))ieq 1s given by py- (i) = Cr‘{l)o(lj}lv'*
b} i€ Q it = Tolp} T {pi(h}, and
D(pe|lpo) = r, t7 > 0.

Proof: In the same way as the proof of Theorem 1, for the
most powerful test function o}, we consider the critical condition in

Neyman—Pearson’s lemma, i.e., 7{p.») = —1/nlog A\,. We claim
. 1 R
lim — —log A, = 7(¢+"). (60)
He— n

Suppose 7(t*) > liminf, .« — 1/nlogX,. By the assumption
D(piflpo) < r < D(p~llpo), we notice that 1 < ¢* < . Then, by
Lemma 5, there exists a t,, 1 < t; < ", such that

1
() > () > —;log Ay (61)
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hold for infinitely many »'s. By Neyman—Pearson’s lemma, we have
* n l
a(6) 2 pof " (pun) >~ og Ao}

> po{w"|T(pun) 2 7(t1)}
= po{w" |pur € Gi(7(t1)}, (62)

for infinitely many n's. Since t; > 1, we have po & G1(7(t1)).
Therefore, by Lemmas 2 and 7, for any € with 0 < € < D(p¢+||po) —
D(p:, llpo), and for all sufficiently large n's, we have

T

Il

1 *
—=log a(s;)
n
min D
p€G1(lr(t1)) (pHPO) te
D(pe, |lpo) + €
< D(pt~|lpo)

=r,

IN

which is a contradiction. Thus, we have 7(t*) < liminf, .0 —
1/nlog . Similarly, we can show limsup, ~.c — 1/nlog A, <
7(t*), which together with the previous inequality implies (60).

By Neyman—Pearson’s lemma, we have

1—-B(¢on) > pl{w"lf(pw) > —%log /\n}-

Then, through an argumernt similar to the proof of Theorem 1, we
consequently obtain (59). (Here, it is easy to check that (59) can be
achieved also by using a nonrandomized test function.) O

VII. CONVERSE THEOREM II

We notice that the proof of Theorem 2 is not available if r >
D(poo|lpo). As we see later, if » > D(pe||po), the set {w" |7 (pur) >
—1/nlog A\, } is empty for all sufficiently large n's. So the number
6 in Neyman-Pearson’s lemma determines the power exponent. The
randomization is essential in this case.

Let p3(r) be the power exponent in the case 7 > D(peo|[po), i-e.,

pa(r) 2 lim, oo ~ 1/nlog (1 = B(67)).
Theorem 3: 1f r > D(pw||po), we have
p3(r) =7 = D(pssllpo) + D(pos|lpr)- (63)
Proof: First, for the most powerful test function ¢7,, we see that
~% log Ap = 7(o0) 64)
holds for all sufficiently large n's. For, by Lemma 2, we have
Jim — Tlog po{u”|7(pun) = 7()} = D(pacllpo) < 0. (65)

thus, we find that po{w"|r(p.n) = 7(c0)} > 0 for all sufficiently
large n's. While the set {w"|7(p.n) > 7(cc)} is empty because
7(pwn) < 7(co) holds for all n’s by (37), (41), and (42). Therefore,
it is readily seen that a test function &, defined by

I, if po(w”) > Anpr(w”),

dn(w™) =4 & i po(w™) = Anpr (W), (66)
0, if po(w™) < App1(W™),
with A, = exp (—n7(00)), and
S=1— exp(—rn)
po{wn|T(pun) = 7(00)}
satisfies
o(¢n)=exp(—rn)and 0 < 6 < 1, (67)

for all sufficiently large n's, by using the assumption 7 > D(poolpo)
and (65). Hence, this q.Sn is the most powerful test function, i.e.,
&n = &%, and A, = exp (—n7(o0)) or (64) holds for all sufficiently
large n's.

Now, we show (63). For n, which satisfies (64), we have, by (66),

1-8(¢7) =1 = pi{e"lpo(w™) > Aupr(w”)}
—8pi{w"po(w”) = Aupr(w™)}
(1= Opr{w"|7(por) = 7(c0)}
_ exp(crmpu{w”|r{pan) = T(o0)}

po{wn|r(pun) = 7(c0)}

Thus, from Lemmas 2 and 6, we have (63), i.e.,

. 1 .

Jim — ~log (1 = 3(¢7)) = r = Dipoollpo) + Dlpeollpr)-
O

1t

VIII. RELATION WITH HAN-KOBAYASHI’S RESULT

We now show that the power exponents obtained in Han—Kobaya-
shi’s paper [5] coincide with those obtained in our Theorems 2 and 3.
For, if D(p1]|po) < 7 < D(pco|lpo), by Lemmas 4 and 5, we have

min ~(p)=1r— max 7(t
p: D(pllpo)srf (P) t: D(peilp)<r ®)
=r—7(t")
= D(pe-|Ipr),

where t* is determined by D(ppllpo) = =, t* > 0. While, if
r > D(psx||po), we have

min - =7 -
p: D(pl\po)Srf )

max
t: D(ptllp)<r

=7 —71(¢)
=7 = D(pos|ipo) + D(poollp1)-
Incidentally, the proof of Theorem 2 in [5] includes a small

mistake. In our notation, if N = 1, E.. = E(7(c0)) is a vertex of A
(we consider A as a simplex in R™'). Remember N is the number
of indexes that attain the maximum of log (p1(i)/po(%)), ¢ € Q. So,
N =1 is the generic case. In this case, in the notation of [5], X )
coincides with X, and X, coincides with our E.., a vertex. They
considered proper subséets of SF(X ™) (where Sg (X (™)) is the set
of n-sequences whose type is X (), in the notation of [5]); however,
this is impossible because |55 (X))| = |3 (Xo)] = 1, SF(X™)
does not have a proper subset. This is also the reason we must use
randomized test functions.

(1)

IX. GENERAL CONSTRAINT

Now, we consider a more general constraint o, < c,. If the

oo

sequence {—1/nlogc,}az, is decreasing, write 7o = limp—cc —
1/nlogc,. If 0 < ro < D(p1||po), we obtain the power exponent as

lim L log B(#%,) = p1(ro)-

n—oon
Then, for example, under the constraint of the type an, < 1 /n*,
k > 0, we see that the power exponent equals D(p1||po), which is
the same result as under the constraint o, < €, € > 0.
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