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We investigate the exponential decay of the tail probability P(X > x) of a continuous type
random variable X. Let ¢(s) be the Laplace-Stieltjes transform of the probability distribution
function F(x) = P(X < x) of X, and oy be the abscissa of convergence of ¢(s). We will prove
that if —oo < 0y < 0 and the singularities of ¢(s) on the axis of convergence are only a finite
number of poles, then the tail probability decays exponentially. For the proof of our theorem,
Ikehara’s Tauberian theorem will be extended and applied.
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1. Introduction

In various engineering problems, it is often important to evaluate the tail probability
of a random variable. For instance, the tail probability of the waiting time in a
queue is used for the design of buffer size and call admission control in communication
networks. Further, the error probability of an error correcting code is also evaluated
by the tail probability. In large deviations theory, one considers the probability that
the average of a sequence of random variables exceeds some value and discusses the
exponential decay of the tail probability when the number of random variables becomes
infinite. In this article, we consider how the tail probability P(X > x) of one random
variable X decays as x tends to infinity.
We say that the tail probability P(X > x) decays exponentially if

P(X > x) >~ e™, 09 <0,

*Email: nakagawa@nagaokaut.ac.jp

Applicable Analysis ISSN 0003-6811 print: ISSN 1563-504X online © 2005 Taylor & Francis Group Ltd
http://www.tandf.co.uk/journals
DOI: 10.1080/00036810410001724436



500 K. Nakagawa

or, more precisely,

1
lim —log P(X > x) =09y, o0p <O0. (1)

X—>00 X

o0y 1s called the exponential decay rate. We give a condition on which the tail probability
decays exponentially. We consider the Laplace—Stieltjes transform ¢(s) of the prob-
ability distribution function F(x) = P(X < x), and investigate the decay of the tail
probability P(X > x) based on analytic properties of ¢(s).

Even in a case that we cannot obtain the explicit form of P(X > x), we sometimes can
obtain ¢(s) explicitly. For example, in queueing theory, we may calculate the Laplace—
Stieltjes transform ¢(s) of the waiting time by the Pollaczek—Khinchin formula. In such
a case, if ¢(s) is inversely transformed easily, we could obtain the tail probability; how-
ever, inversion is difficult in general. Since our purpose is to study the exponential decay
of the tail probability, it is not exactly essential to know the explicit form of the tail
probability itself. Rather, it is enough to focus only on the properties of ¢(s) for inves-
tigating the exponential decay.

We can readily see that if ¢(s) is a rational function, then the tail probability
P(X > x) decays exponentially since ¢(s) can be expanded by partial fractions and
each fraction has the inverse transform which decays exponentially. In the case of a
rational function, the exponential decay and the decay rate are determined by the
poles with the maximum real part. The poles with the maximum real part liec on the
axis of convergence of ¢(s), and other poles do not contribute to the exponential
decay. From these facts, we can expect that even when ¢(s) is not rational the poles
on the axis of convergence determine the exponential decay of P(X > x).

The author discussed in [4] the exponential decay of the tail probability P(X > x) of
a discrete type random variable X. We considered the probability generating function

n(z) = i P(X =n)Z"
n=0

of X and investigated the exponential decay of P(X > x) by noticing complex analytic
properties of m(z). In particular, we elucidated the relation between the exponential
decay of P(X > x) and the radius of convergence and the number of poles of 7(z) on
the circle of convergence.

Denote by r the radius of convergence of 7(z), then Cauchy—Hadamard’s formula [3]
implies

lim sup%log P(X =n)=—logr.

n—00

In addition, if 1 < r < oo, then

1
lim sup Zlog P(X >n)=—logr. (2)

n—0o0
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In [4], we discussed conditions that guarantee the existence of the limit (instead of the
lim sup) of the left hand side of (2), and showed the following:

(1) If 1 <r < oo and the singularities of m(z) on the circle of convergence |z| =r
are only a finite number of poles, then lim,_ o #n 'log P(X > n) exists and is
equal to —logr.

(2) We gave an example of a discrete type random variable X with limsup,_, ., 7
log P(X > n) # liminf,_ ., n~'log P(X > n).

(3) We gave an example of M/G/1 type Markov chain whose stationary distribution
does not have an exponentially decaying tail.

-1

In this article, we will extend the results in [4] to continuous type random variables.
While we considered the probability generating function in the case of a discrete type
random variable, we focus on the Laplace-Stieltjes transform of the probability
distribution function F(x) if X is of continuous type. Let ¢(s) be the Laplace—Stieltjes
transform of F(x) and oy be the abscissa of convergence of ¢(s). The vertical line
Ns = oy is called the axis of convergence of ¢(s), where Ns represents the real part
of 5. The main theorem of this paper is that if —oco <oy <0 and the singularities
of ¢(s) on the axis of convergence are only a finite number of poles, then

lim llog P(X > x) = oy. 3)
X—>00 X

The biggest difference between the case of discrete type random variables and that
of continuous ones is the topological property of the domain of convergence of
power series and Laplace—Stieltjes transform. In the power series the circle of conver-
gence |z| = r is a compact set, while the axis of convergence Ns = oy is not compact.
Due to this difference, although the theorems for both types of random variables
formally look similar, the proof for the continuous type random variables is much
more complicated than that for discrete ones.

This article is organized as follows. In section 2, the definition of the Laplace—Stieltjes
transform and its abscissa of convergence are given and some lemmas are presented.
In section 3, we show an example of a random variable X whose tail probability
P(X > x) does not decay exponentially. In section 4, Tauberian theorems are intro-
duced for the purpose of proving our main theorem. In section 5, some preliminary
lemmas are given for the proof of the main theorem. Ikehara’s Tauberian theorem is
extended to the case that the Laplace transfrom has a finite number of poles on the
axis of convergence. In section 6, the main theorem is proved by using the lemmas
proved in section 5. Further, we show that for the example F*(x) in section 3 all the
points on the axis of convergence are singularities of the Laplace—Stieltjes transform
of F*(x). In section 7, we conclude with the results.

2. Laplace—Stieltjes transform of probability distribution function
and its abscissa of convergence

Let X be a non-negative continuous type random variable with probability distribution
function

F(x) = P(X < x).
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Define the Laplace—Stieltjes transform of F(x) as
o¢]
o(s) = / e dF(x), s = o +it. 4)
0

The abscissa of convergence of ¢(s) is defined as the number oy such that the integral (4)
converges for Ns > oy and diverges for s < oy. The vertical line Rs = oy is called the
axis of convergence of ¢(s). Since ¢p(0) = 1 < oo, we have oy < 0.

Now, we consider the tail probability

F(x) = P(X > x)

of the random variable X. We have F(x) + F(x) = 1.
Let oy denote the abscissa of convergence of (4). We can easily obtain

LEmMMA | The abscissa of convergence of the Laplace—Stieltjes transform
/ e YdF(x), s=o0+it
0

of F (x) is equal to oy.
Next, we have

LemMA 2 If oy <0, then for s with Rs > oy,
o0 00 -
/ e dF(x)=1-—3s / e F(x)dx.
0 0

Proof See Widder [5], p. 41, Theorem 2.3b. |
From Lemma 2, we have

LemMma 3 If op < 0, then the abscissa of convergence of the Laplace transform
0 ~
Y(s) = f e " F(x)dx
0

of F(x) is equal to oy.

From Lemma 1 and Widder [5], p. 44, Theorem 2.4e (see Appendix), we have the next
lemma.

Lemma 4 If oy < 0, then for the tail probability F(x), we have

1 -
lim sup;log F(x) = oy. 4)

X—>00

Proof We give a proof different from one in [5]. By Markov’s inequality, for any o
with o9 < 0 < 0, we have

F (x) < e ¢(0). (6)
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From (6)
1 ~ 1
~log F(x) < 0 4 —log ¢(0), W)
X X

hence, by taking lim sup of both sides of (7), we have

lim sup % log F(x) < 0y, ®)

X—>00

since o is arbitrary in oy < o < 0. Suppose that the equality in (8) does not hold, then
there should exist o; with o7 < 0y such that F(x) satisfies

F(x) < ¥
for sufficiently large x. But by Lemma 3 this contradicts oy being the abscissa of

convergence. |

Lemma 4 can be regarded as an analogy of Cauchy—Hadamard’s formula on the
radius of convergence of power series. In general, the limsup in (5) is different from
liminf. We will show such an example in the next section.

3. Example of X whose tail probability does not decay exponentially

In [4], an example of a discrete type random variable X is given such that the lim sup
in (2) does not coincide with liminf, i.e., the limit does not exist. In this section, we
will show an example of a continuous type random variable such that the limsup
in (5) is not equal to liminf by modifying the example in [4].

For any h > 0, we define a sequence {c,}5., by the following recursive formula:

co =0,
{ Chn = Cp—1 + elien , n=1,2,.... (9)

A function y(x), x > 0 is defined by
y(x)=e", for ¢y <x < cup, n=0,1,.... (10)

y(x) has following properties, which are easily verified.
y(x) is right continuous, piecewise constant, and non-increasing. (11)

Cn+1
/ V(x)dx = e_hcn(c!H*l - C}?) = la n= 09 19 s (12)
¢

“n



504 K. Nakagawa

/000 y(x)dx = o0. (13)

o0
For any n > 0, / e M y(x)dx < oo. (14)
0

Now, for oy < 0, putting F*(x) = 1 — ¢ y(x), x > 0, we find from (11) that F*(x)
is a right continuous and non-decreasing function with F*(0) =0, F*(c0) =1, i.e.,
F*(x) is a distribution function. Let us define X* as a random variable whose probabil-
ity distribution function is F*(x). Denoting by F*(x) the tail probability of X*, we have

F*(x) = P(X* > x) = ™ p(x), x>0. (15)

Hence, from (13), we have

/ b e O F (x)dx = / b y(x)dx = oo, (16)
0 0

and for any o > oy, from (14),
/ T (x)dx = / T y(x)dx < oo. (17
0 0

Thus from (16), (17) the abscissa of convergence of the Laplace transform of F *(x) 1s op.
Therefore, from Lemmas 1, 3,4, we have

lim supllogﬁ*(x) = 0y. (18)

x—o0 X

On the other hand, for x = ¢,

F*(Cn) = eoocny(cn)
=2 e,

and hence
a1 ~ a1 ~
lim inf —log F*(x) < liminf —log F*(c,)
x—00 X n—o0o ¢y
=0y — h

< 0y. (19)

Thus, from (18), (19) we can conclude that the limit does not exist.
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The example (15) with limsup x~'log F*(x) # liminf x ' log F*(x) is in a sense
pathological, hence there is a possibility that we can guarantee the existence of the
limit by posing appropriate weak conditions.

In fact, we have the following theorem, that is the main theorem of this article.

THEOREM 1  For a non-negative random variable X, let F(x) = P(X < x) be the prob-
ability distribution function of X and F(x) = P(X > x) be the tail probability of X.
Denote by oy the abscissa of convergence of the Laplace—Stieltjes transform ¢(s) of
F(x). If —oo < 0y < 0 and the singularities of ¢(s) on the axis of convergence s = oy
are only a finite number of poles, then we have

1 -
lim —log F(x) = oy. (20)

X—>00 X

Remark 1 The assumption of Theorem 1 implies that there exists an open neigh-
borhood U of Ns = oy and ¢(s) is analytic on U except for the finite number of poles
on Ms = oy.

Remark 2 The real point s = oy of the axis of convergence is always a singularity of
¢(s) by Widder [5], p. 58, Theorem 5b (see Appendix). Hence, under the assumption
in Theorem 1, s = oy is a pole of ¢(s).

In the case of discrete type random variable X, the following theorem is shown in [4],
which corresponds to Theorem 1.

Tueorem (Nakagawa [4]) Let X be a discrete type random variable taking non-negative
integral values. The probability function of X is denoted by n,, = P(X =n), n=0,1, ...,
and the tail probability by T1,, = P(X > n) = Zj>n ;. Consider the probability generating
function 7(z) of {m,}. If the radius of convergence r of 7(z) satisfies 1 <r < oo and the
singularities of m(z) on the circle of convergence are only a finite number of poles, then
we have

1
lim —logIl, = —logr.

n—oon

The proof of this theorem depends mainly on the following fact for power series:
if a power series f(z) = Y 2, a,z" converges in |z| < R; and is continued analytically
to a function analytic in |z| < R, with R, > Ry, then the power series Y - a,z"
converges in |z| < R,. However, for Laplace transforms, analogous to this property
does not hold. In fact, even if the integral

o) = [ oy @n
0
converges in Ns > o) and ¢(s) is continued analytically to a function analytic in fis > oy

with o, < oy, the integral (21) does not necessarily converge in s > o,. For instance,
the abscissa of convergence of the integral

w(s) = f e ¥ sin(e)dx
0
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is 0 = 0, nevertheless ¢(s) is continued analytically to a function analytic in the whole
finite plane |s| < co ([5], p.58). This is a large difference between power series and
Laplace transform. In general, in Laplace transform, we cannot discuss the convergence
of the integral in the left half-plane of the axis of convergence. However, we may be able
to discuss the convergence on s = oy with the knowledge of convergence in Ns > oy.
For this purpose, we will apply Tauberian theorems.

4. Application of Tauberian theorems

4.1. Abelian theorems

First, we introduce a general form of Abelian theorem for Laplace transform.
A function u(x) of bounded variation in [a, b] is said to be normalized if it satisfies

w(a) =0,

p) =3 (o) + e, a<x < b

ABELIAN THEOREM (Widder [5], p. 183, Cor. 1c.) For a normalized function u(x) of
bounded variation in [0, R] for every R > 0, if the integral

mbﬂeﬂmm

exists for s > 0, then we have

liminf p(x) < liminf ¢(s) < lim sup ¢(s) < lim sup u(x), (22)
X—>00 s—>0+ s—0+ X—>00

liminf pu(x) < liminf ¢(s) < limsup ¢(s) < lim sup wu(x). (23)
X— 0+ §— 00 §—> 00 x—0+

4.2. Tauberian theorems

Contrary to Abelian theorems, Tauberian theorems give sufficient conditions for the
existence of lim,_, w(x). The following is one of the well-known Tauberian theorems.

TAuBERIAN THEOREM (Widder [5], p. 187, Theorem 3b) For a normalized function u(x)
of bounded variation in [0, R] for every R > 0, let the integral

wwﬁeﬂmm

exist for s > 0 and let img_, o, ¢(s) = A. Then

lim u(x) =4
X—00
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holds if and only if
/ 1du(r) = o(x), x — 00
0

If we consider only a special type of function w(x), then a weaker sufficient condition
may be enough to describe the asymptotic behavior of u(x). The following Tauberian
theorem by Ikehara is for a non-negative and non-decreasing function. This Ikehara’s
Tauberian theorem could be used for the proof of the prime-number theorem [5].

TueoreM (Ikehara [1], see also Widder [5], p. 233, Theorem 17) Let u(x) be a non-
negative and non-decreasing function defined in 0 < x < oo, and let the integral

Y(s) = /000 e u(x)dx, s=o+it

converge for Ns > 1. If for some constant o and some function g(t)

lim (w(s) - %) = ¢(7) (24)

— 1+

uniformly in every finite interval of t, then we have
lim e u(x) = a.
X—>00

Remark 3 Suppose s = 1 is a pole of Y(s) of order 1 and « the residue of Y(s) at s = 1.
Further, if Y(s) has no other singularities than s = 1 on the axis of convergence Ns =1,
then the condition (24) holds. More generally, suppose that the singularities of (s) on
the axis of convergence Ns =1 are only a finite number of poles s;,j=1,...,m.
Denoting by v;(s) the principal part of Y(s) at the pole s;, then similarly to (24),

Jim. (ws) -> w,(s)) = g() (25)
j=1
uniformly in every finite interval of t.

5. Preliminary for proof of theorem 1

In this section, we will prepare some lemmas for the proof of Theorem 1.
First of all, we define

3(x) = L(

sinx/2
x/2

N

2
), —00 < X <00,

and for any A > 0,
k;.(x) = 208(21x)
2 (sin AX

2
=—|(— — 00 < X < 00.
V27 \ Ax )’
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For integers D > 1 and N > (D + 1)/2, we see
[o¢]
/ kiv(x— NP ldt < 0o, — o0 < Vx < o0,
0

where k' (x — 1) is the Nth power of k;(x — 7).
Next, for any A > 0, define

X

22

s Ixl =24,

1 _
K (x) =
’ {0, x| > 24,

It follows that K is the Fourier transform of k;, i.e., K; = F(k;) or

J% / ™, (1) dt. (26)

Writing KV = K * - - - * K, (N-fold convolution), we have K}V = F(kL). The support
of K;V is denoted by [-A, A], where A = 2NX.

K (x) =

5.1. On a slowly increasing function

A function f(x) defined in 0 < x < oo is slowly increasing if it satisfies

hmsup {f(x+n) f(x)} =o.

x—00,n—0

LemMMmA 5 Let f(x) be a slowly increasing function. Given € > 0 and an increasing
sequence {u,},2, with u, — oo, we assume f(u,) > € (resp. f(u,) < —€), n=1,2,...
Then, there exist n > 0 and infinitely many non-overlapping intervals {J, = (x, — n,
X, + n)} with

€ €
f(x)>§ (resp.f(x)<—§>, xeld, n=12,....

Proof: First, consider the case f(u,) > €. For u,, let us define v, = sup{v|v < u,,
f(v) < €/2}. Suppose the claim were not true, then for any n > 0 and sufficiently
large all n,

0<u,—v, <2n. 27
By the definition of v,, we have
€
) =f ) = 5. (28)

From (27), (28), we have

limsup {f(x+m) = f(0)} = lim sup{/ (u,) =/ ()}

x—00,n—>0+

€
ZE:
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which contradicts f(x) being slowly increasing. The case f(u,) < —e can be proved in
a similar way. |
We have the following lemma.

LEMMA 6 Let f(x) be a bounded and slowly increasing function. Let D and N be integers
with D> 1and N > (D + 1)/2. If

lim ~ KN (x — 0P~ () dt =0 (29)

X—> 00 0
holds for any A > 0, then we have
lim f(x) = 0. (30)

Proof Suppose (30) were not true. Then there should exist € > 0 and an increasing
sequence {u,} with u, — oo such that f(u,) > € or f(u,) < —e. Assume f(u,) > €.
The other case can be handled in the same way.

From f(u,) > € and Lemma 35, there exists a sequence of intervals {J, = (x, — n,
Xn + )} with

f(x)>§, xed, n=1,2,....

Hence, we have

n—1

00 Xn—1] Xn+1) 00
/ kN (x, — t)tP~ f (t)de = / + / + / kY (x, — )P~ f (t)dt
0 0 X, Xp+n
€

X1
= / kY (% — 0" di = sup |

Xp—1 0<x<oo
Xp—1N 00
X {/ +/ kY (x, — t)ledz}. (31)
0 Xp+n

Each term in (31) can be evaluated as follows:

Xp+1 Ul
/ kY (x, — )P~ dt = / KN (0)(x, — 0P dt

Xp—1 -n

= (2)\)N‘1 /2M 5N(t)(x,, — %)D_]dt

24

241
= 20N 1xP! { / sV (D)dt + 6, (x, x)}, (32)

=217

where 6;(x,, 1) — 0 as x,, A — oo, by the binomial expansion of (x, — t/2k)D_1.
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Similarly, we have
Xn—1
f KN (x, — 0P~ de = )Y xP10y(x,, 1), (33)
0
and

f KN (x, — 0P~ dt = 22V xP105(x,, 1), (34)

Xn+1

where 6;(x,,A) — 0,605(x,,1) = 0 as x,, A — oo. _
Write C = fooo sN(Hdt < 00 and M = SUP)<y<co | f(X)| < 00, then there exists C > 0
such that for sufficiently small &,&, > 0 and large A, from (31)—(34), we have

/ ~ kY (xy — )P~ f (0)dt > 1= (C — &) — Méz}(2k)N_1an‘l
0

——
N ™

Y
O

but this contradicts the assumption of the lemma (29).

5.2. Laplace transform with finite number of poles on its axis of convergence

Let u(x) be a non-negative and non-increasing function in x > 0, and u(x) € L'[0, R]
for any R > 0. Consider the Laplace transform

W(s) = /0 () d.

Let oy be the abscissa of convergence of ¥(s) with —oco < gy < 0. Assume the singu-
larities of ¥(s) on the axis of convergence Ns = oy are only a finite number of poles
s; =00+ 1it, j=1,...,m. Write ¥;(s) as the principal part of y(s) at the pole s;, and
Aj(x) as the inverse Laplace transform of v;(s), j = 1,...,m. The order of the pole s;
is denoted by d; and let D = maxi<j<y, d;.

Define functlons b(x) and B(x) for x > 0 as follows:

b(x) = e x P+ (x), x > 0, (35

m

B(x) = e 0¥ xP+1 ZA_/(X), x> 0. (36)

We will investigate the properties of 5(x) and B(x).
We have the following lemma.
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LEMMA 7 Let N be an integer with N > (D + 1)/2. If

1 00
DT /0 k! (x = 0P~ {b(1) — B(1)}dr

is bounded in x > 0 for some A > 0, then b(x) — B(x) is bounded.

Proof Since the principal part v;(s) at the pole s; is represented as

d;

%‘(s) = Z%, oj € C, Qd; #0,
1_

we have

4
@i -1 six
Y=Y —L _x""lev,
1:21(1— 1)!

Thus, we have from (36)

B(x) _ ZZ(]O[ 1)' l D lr/v (37)

Since / — D < 0, B(x) is bounded in x > 0.
Next, we will show that b(x) is bounded. We have

/Oo kY (x — 0P~ B()dt = / KN (@)(x + OP 7' B(x + 1) dt
0 —X

= Z( )xD-l—" / kN ()" B(x + 1) dt. (38)
n=0 -
Since B(x) is bounded and

’ kN ()P~ ‘dr‘ < o0,

we see from (38) that there exist £; > 0 and x; > 0 with

D1

/ KN (x — t)tD“B(z)dt‘ <Ei, x>x. (39)
0
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Noting b(x) > 0, we have from the assumption of the lemma and (39),

1 00
- kN _ Dflb d
xD-1 /0 A (x l)t (t) t

1
= 1
xD-

/Ookf\v(x— Ol l{b(t)—B(t)}dt‘ Dl ] /wkﬁv(x—z)rD*IB(z)dz
0 0
<kEy, x> x;. (40)

On the other hand, we can write

1 / KN (x — P b(r) dt = Dl : kN(t)(x—i—t)D 'h(x 4 1) dt

- %/zx SN(I)(H 2)\)D lb(x+ 2)\) a,

hence it follows from (40) that

et N b1 t
- LA 5 (z)<x+m) b(x+2k)dt <Bp, x> % (41)

The integrand in (41) is non-negative in [-21x, 0o) and [—+/A, v/A] C [-2Ax, o0), hence
we have

QN v D1 t
D j;\/_S (Z)<x~|—2A) b(x—i-ﬁ)dt <Ey, x> xp,

and thus

(2}\‘)/\/ 1 \/— v 1 t D—1
_XD 1 /[5 ([)(x—m—i-ﬁ) b(x 2\/_ 2)\.)61[ <E2, X > X3. (42)

Since ju(x) is non-increasing, we have for —v/A < t < /A,

1 t\2! 1 t 1 t
- 4 b - 4+ )= —00(x—(1/~/22)+(/21)) < -+ )
<x NS 2?») (x 2% 2)»> ¢ Y 2VA 2

> oo (—UVTIHU) (),
and from (42)

—aox —D+1 (2)‘)N_l
p(x) ——— N

7
e PV 2=UINN (Nt < Ey, x> x3.
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Therefore, we finally have

N VR -1
b(x) < Ez(% ﬁe"O((l/zﬁ)*(’/z’\))SN(t) dl) , X > X3,
which shows that b(x) is bounded. |

LemMA 8  Under the assumption of Lemma 7, b(x) — B(x) is slowly increasing.

Proof 1t is readily seen that the sum of two slowly increasing functions is slowly
increasing. We show that both b(x) and —B(x) are slowly increasing. Since B(x) has
bounded derivative, —B(x) is slowly increasing.

Next, we prove that b(x) is slowly increasing. For x > 0 and n > 0, we have

x4 1) = b(x) = )P a4 ) — P ()

< b(x){e“’“"L— 1}
(x+ P!

because u(x) is non-increasing. Since b(x) is bounded by Lemma 7, we have

D-1
limsup {b(x+ 1) —b(x)} < limsup b(x){e_"o” v 1}
(x+

D—1
x—o00,n—0+ x—00,n—0+ T))

=0,

which shows that b(x) is slowly increasing.

5.3. Extension of lkehara’s theorem

The following theorem is an extension of Ikehara’s theorem to the case that u(x) is
a non-negative and non-increasing function and its Laplace transform has a finite
number of poles on the axis of convergence.

THEOREM 2 Let u(x) be a non-negative and non-increasing function in x >0, and
w(x) € L'[0, R] for any R > 0. Let oy be the abscissa of convergence of the Laplace
transform

W(s) = /0 e u(x)dx 43)

with —oo < og < 0. Assume the singularities of Y(s) on the axis of convergence Ns = oy
are only a finite number of poles s; = oo +iv;, j=1,...,m. Write y;(s) as the principal
part of Y(s) at s; and A;(x) as the inverse Laplace transform of y;(s), j=1,...,m.
The order of the pole s; is denoted by d; and let D = max<j<, d;. Then we have

lim {e‘”‘)xx_D‘H (1(x) — Z Aj(x))} =0. (44)

X—>00
j=1
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Remark 4 From Korevaar [2], p. 495, Theorem 9.2 (see Appendix), if
e—(roxx—D-H (M(x) _ Z AJ(X))
j=1

is differentiable and its derivative is bounded from below, then we see that (44) holds.

Proof  Consider the functions b(x) and B(x) defined in (35), (36). For any € > 0 and
an integer N with N > (D + 1)/2, define

ldx) = ! (x = P b(1) — B(n)le™dr.

1 o0
N2 /(;
Since K;¥ = F(kY), by Fubini’s theorem, we have

o0 A
Le(x) 2% /0 P71 b(1) — B(1)}e “dt f KN (0)e ™ de

1 /A ) 00 A
=5 / KN (r)e ™ dt / P=Vb(r) — B(1)}e~ D dy
2w J_a o

A m
_ 1 /A K;:N(.L,)e’-”d-[{w(go +e€— 11:) — Z '(ﬁj(o’() + € — l'lf)} (45)
- Jj=1

T om

By the assumption of theorem and Remark 3, there exists a function g(r) and
m
GEI&{W(UO +e—it) - /:Zl V(o0 + € — n)} = g(?) (46)

uniformly in the finite interval [-A, A], which is the support of K (see the definition
after (26)). Therefore, we can change the order of the limit and the integration in (45)
to obtain

1M 4
lim I.(x) = —/ KN (t)e ™ g(r) dr. 47)
e—0+ 2w A

Next, consider
1 (o]
I p(x) = — / KN (x — 0P~ B(t)e~“'dt.
2 0

From (37), we have

m df
jl

=1

1
I B(x) = e
J=1 i=1

/ KN (x — 0= te e dt. (48)
0
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Since N > (D + 1)/2, the infinite integral
00 .
/ k) (x = oyl e'™" di
0
converges, thus we have by (22) in the Abelian theorem

00 o0
lim / KN (x — nd=tel e dt = / KN (x — =t dt.
e—0+ 0 0

Hence we have by (48)

l o¢]
lim 7 p(x) = ~— / kY (x — 0P~ B(t) dt. (49)
>0+ 21 Jy

Moreover, consider
1 oo}
L p(x) = —/ kiv(x — 0P b(t)e dt.
27T 0

By (47), (49), we have

lim 7. () = lim {(x) + I s(x)} < oc. (50)
e—0+ e—>0+

Since b(¢) > 0, we have

1 [ _

3 /0 kY (x — 0P~ b(0)dt < oo,
but if the integral is oo, then from (22),

: NN I D-1
61—1>I(l)1+ Ie by = 11}1&1{21‘%/0 ks (x — Ht”~ b(t)dt
=00
which contradicts (50). Hence we have
1 o0
—/ KN (x — 0)tP'b(1) dt < oo.
2 0

By (22), we have
lim Z(x) = lim I 5(x) — lim I, p(x)
e—0+ e—>0+ e—0+

_ %/om k¥ (x — 0P {b(e) — B()dr. (51
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Thus by (47), (51), it follows that

1 A * —IxXT 1 oo -
ﬂ/_A KN (t)e ™ g(r)dt = 5/0 kY (x — 0P~ H{b(r) — B(r)}dt
and hence by the Riemann—Lebesgue theorem

lim — f kY (x — 0P~ b(t) — B(1)}dt = 0 (52)

x—00 27T

holds for any A > 0. So, the assumption of Lemma 7 is satisfied. Since b(x) — B(x)
is bounded and slowly increasing by Lemmas 7, 8, we have by (52) and Lemma 6,
lim,_, 5 {b(x) — B(x)} =0 or

"}Lngo{e—aoxx—D-H (/L(X) _ i AJ(X)> } -0

=1

5.4. Estimation of B(x) from below

Our goal is to examine the exponential decay of the tail probability F(x). Replace ju(x)
in Theorem 2 by F(x). The basic approach to this problem is to approximate F(x) by
the inverse Laplace transform Z/: Aj(x) of the rational function lel ¥;i(s). To this
end, we first estimate B(x) from below.

LEMMAY  Let 1, j=1,...,m, be distinct real numbers and d;, j =1,...,m, be integers
with di > 1. Let oy, [=1,...,d;, j=1,...,m, be complex numbers with o # 0.
Write D = maxi<j<, d;. For x > 0, define

m d/‘

B =3 @ Pe, = ﬁ x>0. (53)
j=1 i=1 -

Then there exists T > 0, € = €(T) > 0, and xo = xo(T), such that for any x > xy at least
one of |B(x)|,|B(x+ T)|,...,|B(x+ (m—1)T)| is greater than €.

Proof Since t; # 1y, j#), there exists T >0 with 7T s ;T mod 2m, j #.
For this 7, we will show that there exists ¢ >0 such that at least one of
|B(x)|,...,|B(x+ (m—1)T)| is greater than € for any x > xy. If not, then for any
€ > 0 there exists a sufficiently large x with

IBx +nT)| <€, n=0,1,...,m—1. (54)

Now, define

dl
Bix) =Y ax' ", j=1...m. (55)
=1
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Denote by m* the number of indices j that attains D = maxi<j<, d;. Without loss of

generality, we can assume d; = - -- = d,» = D. Then by (55) we can write
o Jap ), j=1m*
ﬁ"(x)_{'ﬁ(x), j=mt+ 1. m,

where «j(x) is a function with lim,,ki(x)=0, j=1,...,m. Defining «(x)=
> kj(x), we have from (53), (55)

B(x) =) Bi(x)e™
J=1

m*

= Z djpe"’fx + k(x).
j=1
Therefore we have
m* )
B(x+nT) =Y ape ™™D +k(x+nT), n=0,1,....m—1. (56)
j=1
The matrix representation of (56) is
B(X) einx eitgx . eit,,,x
B(x+T) oM+ o+ i)
.B(‘C + (m _ 1)T) ein (x+(m—-1)T) eirz(x+(m—1)T) . eitm(x-&-(m—l)T)
aip
: Kk(x)
5 G N k(x+T)
0 :
: k(x+(m—1)T)
0

(57)

Writing V" as the matrix in the right-hand side of (57), we have

1 1 R |
d tV m . d . ei‘nT eirzT eir,,,T
€ = e’ x de
Jj=1
eirim—l)T einem=0T ity (m=1)T

m
= l_[ ¢ x (—1ymm=D/2 H(e”fr —¢"7'T). (Vandermonde determinant)
j=I i<
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Since €97 #£ T by ;T # 1, T mod 2x, j # j/, we have

|det V| = [ [le™" — ™| > 0.

<y
Denoting by Aj, the cofactor of I, we have by (57)
m—1

- 1 . X
oq,»D=M;Ajn(B(x+nT)—K(x+nT)),]:l,...,m . (58)

For any € > 0 there exists a sufficiently large x; such that |«(x)| <€ holds for
any x > x;. Since A, is (—1)Y*" multiplied by the sum of (m — 1)! complex numbers
of absolute value 1, we have |A;,| < (m — 1)!. Hence, by (54), (58)

m!
dip| <——(+¢€), j=1,...,m"
lajp] | det V|( 1), J
Because €, € are arbitrary, we have @;p = 0, but this is a contradiction. [ |

The following lemma is an immediate consequence of Lemma 9.

LemMMA 10 There exist L > 0, ¢ =c(L) > 0, and an increasing sequence {x,}.2, with
X, = 00 which is contained in [xg, 00) for xq sufficiently large, such that

Xy — Xp—1 = L, (59)
|B(x))| > c,v=1,2,.... (60)
Proof Let L =2mT for m and T in the proof of Lemma 9. |

6. Proof of theorem 1

Based on the lemmas in the preceding sections, we will prove our main theorem.

Proof of Theorem I By Lemma 4,
. 1 ~
lim sup—log F(x) = oy,
x—oo X
hence, we only need to prove

lim infllog F(x) > 0.
xX—00 X

Consider the increasing sequence {x,} with L and ¢ which are given in Lemma 10.
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Now, by Theorem 2, for any € with 0 < € < ¢, taking sufficiently large xy, we have

<€, X > Xp.

e—aoxx—D-‘rl {F(X) _ i A/(X)}

Jj=1

Thus, it follows that

m

F(x) > Z A,-(x)‘ — e xP!
J=1

= e"o"xD_l{|B(x)| — 6},x > Xo.
Particularly for x = x,, by (60) we have
F(x,) > ¢ xP~1(c — ). (61)

For sufficiently large any x, take the index v with x,_; < x < x,. Then by (59), (61) and
the decreasing property of F(x), we have

F(x) > F(x,)

> (¢ — E)e"‘)x"xl)_l

> (¢ — €)LD xP=1, (62)

Therefore from (62), we have

| ~
lim inf —log F(x) > oy.
X—>00 X
|
Theorem 1 gives a sufficient condition in which the number of poles on the axis of
convergence Ns = oy is finite. But in a special case, there exists lim,_, o, x~!' log F(x)
even if the number of poles on Ms = oy is infinite. We show the following theorem.

THEOREM 3 Let 7w ={m,};>, be a discrete type probability distribution and n(z) =
Y one o Tz be the probability generating function of . We assume that the radius of con-
vergence r of 7(z) satisfies | < r < oo and the singularities of 7(z) on the circle of conver-
gence |z| = r are only a finite number of poles. Let X be a continuous type random variable
whose probability distribution function is defined by

F(x) = Znn, x> 0.

n<x

Then the tail probability F(x) of X satisfies
.1 ~
lim ;log F(x) = —logr.

Proof By Theorem 3 in Nakagawa [4]. ]
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Remark 5 The Laplace—Stieltjes transform ¢(s) of F(x) in Theorem 3 satisfies

o(s) = / dF(x)

s0, by the change of variable z = ¢, we see that ¢(s) has infinitely many poles on the
axis of convergence Ns = —logr.

Then, how about the case of X* which was defined in (15)? For X*, let F*(x) denote
the probability distribution function of X*, ¢*(s) the Laplace-Stieltjes transform of
F*(x), and F*(x) the tail probability of X*. Since the limit lim,_, o x~' log F*(x) does
not exist, ¢*(s) may have different type of infinitely many singularities from those in
Theorem 3. We will show that, by taking / as a special value, all the points on the
axis of convergence Ns = oy are singularities of ¢*(s).

First, in the definition (9) of the sequence {c,}, take 4 such that ¢" is an integer. Then
all the ¢, are non-negative integers. For {c,}, define y(x) by (10), and define F*(x) by

Ff(x)=1—-e""y(x), o09<0, x=>0.

Write F*(x) =1—- F*(x) and
oo}
¢ (s) = / e dF*(x), Ms > oy.
0
Since dF*(x) = ooF*(x)dx + ¢™*dy(x), we have by Lemma 2,

#O == [ eaFw
0
= —00/ e’”l*:*(x) dx —f e("("s)xdy(x)
0 0
_ g0 {/ e Y dF* (x)dx — 1} — f e(“("s)xdy(x)
s o 0

=246~ 1) - /0 Iy (x). (63)
Defining

K(s) = fo Iy (),
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we have by (63)

0o + s&(s)
s—oy

' (s) = (64)

Since we can write &(s) as

00
&(s) = Z elo0=s)en (e—hcn,, . e_h"“)’

n=0

and ¢, is a non-negative integer, by the change of variable ¢?°~° = z, define E(z) as
E(2) = &)
o
— Z(e—hc-“,l _ e—hcn)zcn
n=0

Since the abscissa of convergence ¢*(s) is oy, that of &(s) is also oy by (64). Thus,
the radius of convergence of E(z) is 1. The sequence {c,} is a gap sequence, i.c.,
liminf, o ¢,41/cn > 1, hence all the points on the circle of convergence |z| =1 are
singularities of E(z) by Hadamard’s gap theorem shown in Appendix. Therefore,
by the correspondence ¢’ = z, all the points on the axis of convergence Ns = oy
are singularities of &(s), hence by (64) these are singularities of ¢*(s), too.

7. Conclusion

We investigated the exponential decay of the tail probability P(X > x) of a continuous
type random variable X based on the analytic properties of the Laplace—Stieltjes trans-
form ¢(s) of the probability distribution function P(X < x). We saw that the singu-
larities of ¢(s) on the axis of convergence play an essential role. For the proof of
the exponential decay of P(X > x), Ikehara’s Tauberian theorem was extended and
applied.

The exponential decay rate is determined by the abscissa of convergence oy and
s = oy is always a singularity of ¢(s). Through the proof of the main theorem, we
believe the following conjecture is true.

Conjecture: If —oo <0y <0 and s =0y is a pole of ¢(s), then the tail probability
decays exponentially.
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A. Citation of theorems

Tueorem (Widder [5], p. 44, Theorem 2.4e) If

[o¢]
[ e
0
has a negative abscissa of convergence oy, then f(00) exists and

00 = limsup~log /() /(00!

X—>00

Tueorem (Widder [5], p. 58, Theorem 5b) If f(x) is monotonic, then the real point of
the axis of convergence of

¢®=£eﬁwm

is a singularity of ¢(s).
Tueorem (Widder [5], p. 40, Theorem 2.2b) If

/0 ~ e ™ df (x)

converges for s with s = o < 0, then f(00) exists and
S (x) = f(00) = o(e™).

Tuaeorem (Korevaar [2], p. 495, Theorem 9.2) Let f(x) be bounded from below for
t>0 and

w@alfwmw

converge for s with Ns > 0. If ¢(s) is continued analytically to the closed half-plane
Ns > 0, then f(fo f(x)dx exists and is equal to ¢(0).

TueoreMm (Hadamard’s Gap Theorem, see [3]) If a power series f(z) =Y 2 de, 2
satisfies

.. .C
lim inf ~!
n—>o0o0  (Cp

> 1,

then all the points on the circle of convergence are singularities of f(z).



